Two-dimensional topological insulators (TIs) host gapless helical edge states that are predicted to support a quantized two-terminal conductance. Quantization is protected by time-reversal symmetry, which forbids elastic backscattering. Paradoxically, the current-carrying state itself breaks the time-reversal symmetry that protects it. Here we show that the combination of electron-electron interactions and momentum-dependent spin-polarization in helical edge states gives rise to feedback through which an applied current opens a gap in the edge state dispersion, thereby breaking the protection against elastic backscattering. Current-induced gap opening is manifested via a nonlinear contribution to the system's I − V characteristic, which persists down to zero temperature. We discuss prospects for realizations in recently discovered large bulk band gap TIs, and an analogous current-induced gap opening mechanism for the surface states of three-dimensional TIs.
Non-equilibrium many-body systems may host a variety of internal fields, such as dc currents or ac electric fields, which are not allowed in equilibrium. Through electron-electron interactions, such fields may give rise to intriguing feedback effects that lead to novel types of nonlinear transport phenomena and dynamical phase transitions [1] [2] [3] [4] [5] [6] [7] [8] . By manipulating these internal fields, we may furthermore obtain new routes for quantum engineering of material properties [9] .
In this work we study how applied currents in combination with electron-electron interactions can modify the electronic properties of topological insulator (TI) surface states. In equilibrium, TIs feature a bulk band gap and topologically-protected gapless Dirac-like helical surface states. The degeneracy on the surface is protected by time-reversal symmetry (TRS), and is robust against perturbations that preserve this symmetry. Previous works have explored the possibility of opening a gap on the surface by breaking TRS via magnetic doping [10] [11] [12] , coupling to the exchange field of an adjacent magnetic layer [13] , or through the application of a magnetic field [14] [15] [16] or circularly polarized light [17] . In the case where the chemical potential lies within the induced gap on the surface of a three-dimensional TI, the system is predicted to host an exotic half-integer quantized Hall effect and quantized magnetoelectric response [18] .
Importantly, in the presence of a dc current, the system lacks TRS. Therefore, by symmetry considerations, an applied current can break the degeneracy and open a gap in the helical surface state spectrum. However, in the absence of electron-electron interactions, the applied current simply results from a non-equilibrium population of the single particle surface states, and there is no feedback mechanism through which the current may modify the spectrum itself. Crucially, due to the spin-orbit coupling that is naturally present in TI materials, the applied current also carries a spin polarization. Through 
Current-induced gap opening on the edge of an interacting two-dimensional topological insulator. In equilibrium, the edge hosts a one-dimensional gapless helical mode (upper left). When a current is driven through the system, a net spin polarization develops due to spin-orbit coupling (upper right, bottom). Due to electron-electron interactions, the spin polarization induces a nonvanishing internal exchange field, which acts back via the momentum-dependent spin quantization axis [Eq. (1)] to open a gap in the helical dispersion (upper right). Once Kramers' degeneracy is lifted, the edge mode is no longer protected against elastic backscattering by a disorder potential, U(x) (red stars).
electron-electron interactions, the spin polarization generates an internal exchange field that can open a gap in the surface state dispersion, analogous to how a gap is produced by an external exchange field (see Fig. 1 ).
The gap opening mechanism that we discuss is general, and can be applied to the surface states of both twodimensional (2D) and three-dimensional (3D) TIs. The nontrivial portion of the feedback, which leads to a gap, is mediated through the part of the spin-orbit coupling that causes the spin helicity axis to rotate as a function of energy [19] [20] [21] . We first illustrate the mechanism of current-induced gap opening for the case of the onearXiv:1901.08067v1 [cond-mat.mes-hall] 23 Jan 2019 dimensional helical edge states of a 2D TI. We investigate the dependence of backscattering due to non-magnetic impurities on the applied current, and discuss the resulting nonlinear current-voltage characteristic. We then discuss the extension of this mechanism to the 2D surface states of 3D TIs. In this case, the appearance of a current-induced gap is accompanied by the emergence of a Berry curvature monopole in the surface state band structure, providing a new interaction-induced intrinsic mechanism for a nonlinear surface Hall effect in 3D TIs.
A generic one-dimensional (1D) helical mode on the edge of a 2D TI is characterized by a dispersion relation and a spin helicity axis that determines the directions of the spinor eigenstates for right-(r) and left-(l) movers as a function of the electronic wave number (momentum) k parallel to the edge [19] . Time reversal symmetry imposes the constraints that the energy of the left-mover at momentum −k must be equal to the energy of the right-mover at momentum k, and that their associated spins must be opposite. The latter condition ensures that elastic backscattering by non-magnetic impurities is forbidden due to the orthogonality of the initial and final spin states. In general, the spin helicity axes at different values of k are not parallel [19] [20] [21] .
To illustrate current-induced gap opening, we consider a minimal model that exhibits the necessary ingredients of (i) TRS, (ii) a k-dependent spin-helicity axis, and (iii) electron-electron interactions. At the single-particle level, the system is described by the Hamiltonian:
where v is the velocity at small k, and σ = (σ x , σ y , σ z ) is the vector of Pauli matrices describing the electron spin. The parameter λ controls the rate of rotation of the spin helicity axis as a function of k. The edge mode dispersion relation corresponding to Eq. (1) is given by
At zero temperature, the states are filled up to the chemical potential, µ 0 , which we take to be greater than zero (without loss of generality). Current-induced gap opening arises via the spin polarization that naturally accompanies a net current in the system, due to the spin-orbit coupling in Eq. (1). Using a mean-field treatment of electron-electron interactions, we compute the exchange field produced by the spin polarization and show how it acts back on the system to open a gap in the single particle dispersion.
Consider a homogeneous, non-equilibrium setting in which a current I flows due to an imbalance of chemical potentials µ l and µ r in the left-and right-moving modes, respectively (see Fig. 2a ): µ r =μ − δµ/2, µ l =μ + δµ/2, whereμ is the average chemical potential on the edge. The current I is proportional to δµ. We will work in the limit where λ 3 v 3 /μ 2 and where δµ μ, for simplicity. In this regime, we obtain the spin polarization and induced gap analytically, to linear order in λ and δµ. 
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At mean field (Hartree-Fock) level, the spin polarization (2) produces a Zeeman-like internal exchange field through the electron-electron interaction. For illustration we consider a contact interaction potential U (R) = gδ(R), where g is the interaction strength and R is the interparticle distance. The exchange field gives rise to the mean-field interaction Hamiltonian: H Note that the spin polarizations s x and s z , Eq. (2), are proportional to δµ, and hence to the applied current. For nonzero s x or s z , the Hamiltonian in Eq. (3) lacks TRS. Importantly, however, for λ = 0, the term proportional to σ x in Eq. (3) vanishes and the edge state remains gapless [with the Dirac point shifted to k * = g s z /( 2 v)]. The energy-dependent spin helicity rotation is essential for gap opening, as it introduces a non-commuting term in the Hamiltonian. rently unknown for the large bulk-gap materials mentioned above; however, based on trends in the ab initio data of Ref. [20] , for WTe 2 we speculate that it may fall in the range λ ∼ 10 −2 − 10 −1 eVÅ 3 . In the nearly ballistic regime of Eq. (9), the resulting fractional change to the ballistic conductance e 2 /h is given by LCµ
For the 2D surface states of 3D TIs, current-induced gap opening is accompanied by the appearance of a Berry curvature monopole that gives rise to an anomalous Hall effect. Interestingly, this nonlinear Hall effect is of a fundamentally different origin than other nonlinear anomalous Hall effects that have been the subject of intense recent interest [30, [37] [38] [39] [40] . While these works investigate nonlinear transport due to a Berry curvature dipole that is present in the equilibrium band structure of the system, the mechanism we describe arises from the Berry curvature monopole that arises due self-modification of the system's nonequilibrium band structure via electronelectron interactions. The model of Bi 2 Te 3 that we considered serves as a proof of concept for current-induced gap opening in 3D TI surface states. The search for platforms where this nonlinear Hall effect can be enhanced is an interesting direction for future work. 
